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Abstract. We study the exponential map of connected symmetric spaces 
and characterize, in terms of midpoints and of infinitesimal conditions, when 
it is a diffeomorphism, generalizing the Dixmier-Saito theorem for solvable Lie 
groups. We then give a geometric characterization of the (strongly) exponential 
solvable symmetric spaces as those spaces for which every triangle admits a 
unique double triangle. This work is motivated by Weinstein's quantization 
by groupoids program applied to symmetric spaces. 



1. Introduction 

In the late 1950's, Dixmier [5] and Saito [16] characterized the strongly exponen- 
tial Lie groups: the simply connected solvable Lie groups for which the exponential 
map is a global diffeomorphism. They are characterized by the fact that the expo- 
nential map is either injective or surjective, or equivalently the fact that the adjoint 
action of their Lie algebra has no purely imaginary eigenvalue. In contrast, the ex- 
ponential map of semisimple Lie groups is never injective, but may be surjective 
or have dense image. As a result, the latter two weaker notions of exponentiality 
have been studied for general Lie groups by a number of authors (see [6, 21] for two 
surveys and for references). Recently, a number of their results were generalized to 
symmetric spaces in [15]. The first main result of the present paper intends to com- 
plete the picture by giving a version of the Dixmier-Saito theorem for symmetric 
spaces (see Theorems 1.1, 1.2 and 1.3). 

The second main result gives a geometric characterization of the strongly ex- 
ponential symmetric spaces which are homogeneous spaces of solvable Lie groups, 
in terms of existence and uniqueness of double triangles (see Theorem 1.4). This 
is related to a beautiful theorem of A. Weinstein [20] relating the graph of multi- 
plication in the pair groupoid of a symplectic symmetric space to the symplcctic 
area of such double triangles. Weinstein's theorem was developed in the context of 
his quantization by groupoids program and forms, together with the extension of 
Bieliavsky's quantization of symplectic symmetric spaces [3] , the initial motivation 
for the present work. 

Since we will only be concerned with strong exponentiality in this paper, from 
now on we will drop the adjective "strong, " although nowadays exponentiality has 
a weaker meaning in the literature. 
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A symmetric space is a manifold M endowed with a family of involutions {s x } X £M 
of M, called symmetries, such that x is an isolated (not necessarily unique) fixed 
point of s x , and such that s x (s y z) = sr S:c y)(s x z) for all i,|/,z£ AI. 

Some basic examples to keep in mind are the following: 
(Exl) the n-dimensional Euclidean space M™ with symmetries s x y = 2x — y, 
(Ex2) the n-sphere S n where the symmetry at x is the restriction to S n of the axial 

symmetry about Ox, 
(Ex3) the hyperbolic plane II2 with the Riemannian geodesic symmetries, 
(Ex4) any Lie group G with symmetries s g l = gl~ 1 g, 
as well as two solvable two-dimensional examples: 

(Ex5) the space R 2 with symmetries S( a ,b)(a', b') = (2a — a', 2 cosh(a — a')b — &'), 
(Ex6) the space M 2 with symmetries S( a ,&)(a', b') = (2a — a', 2 cos(a — a')b — b'). 

The connected symmetric spaces in this sense (due to Loos [9]) coincide with 
the homogeneous symmetric spaces: the homogeneous spaces G/H of connected 
Lie groups G, with H an open subgroup of the fixed points set G a of an involutivc 
automorphism a of G (called an involution in what follows). The symmetries in 
that case are given by s g nlH = ga(g~ 1 l)H . Such a triple (G, H, a) will be called 
a symmetric triple. When H is the full fixed point subgroup G CT , wc simply refer 
to the symmetric pair (G, a). A symmetric triple {G,H,o~) is said to realize a 
symmetric space M if G/H = M. 

Any connected symmetric space M admits a "minimal" realization as a homo- 
geneous symmetric space of its transvection group. The latter is defined as the 
subgroup of automorphisms of M generated by all the products of an even number 
of symmetries. It is a finite dimensional Lie group which is transitive on M, stabi- 
lized by the conjugation (in the automorphism group) by s , for any o G M, and 
minimal for these properties. A symmetric space is said to be semisimple (resp. 
solvable) if its transvection group is semisimple (resp. solvable). 

Every Lie group G is a symmetric space when endowed with the symmetries 
Sgl = gl~ x g. It is usually realized by (G x G, Diag(G), aa) with ac{g,l) = (1, 9), 
where G x G is in general larger than the transvection group of G. Given an 
involution a on G, two canonical symmetric subspaces of G are defined by P = 
{g G G I a(g) = g~ x } and G a = {ga(g)~ 1 \ g G G}. The latter is the connected 
component of the identity of the former, and is isomorphic to GjG° through the 
quadratic representation Q : G/G a — > G a : gG a — > ga(g)^ 1 . 

A symmetric subspace N of a symmetric space M = G/H is said to be normal 
if there exists a cr-invariant normal subgroup R C G such that R/(Rn H) = N. 
Then M is said to be a semi-direct product Mi k M2 of two symmetric subspaces 
Mi and M2 if M is, as a smooth manifold, a direct product Mi x M2, and if M2 is 
normal in M. 

On the tangent space m at a given point of a symmetric space M, there is a 
structure of Lie triple system [•,-,•] : m 3 — > m, generalizing that of Lie algebra for 
Lie groups. This trilinear bracket satisfies the properties: 
(Ltsl) [X, X, Y] = 0, 

(Lts2) [X, Y, Z] + [Y, Z, X] + [Z, X, Y] = 0, 

(Lts3) [X, Y, [U, V, W]} = [[X, Y, U], V, W] + [U, [X, Y, V],W} + [U, V, [X, Y, W}]. 
Any Lie algebra q is a Lie triple system with bracket 
(1) [X,Y,Z] = [[X,Y],Z], 



STRONGLY EXPONENTIAL SYMMETRIC SPACES 



3 



and if G is a Lie group with Lie algebra g, this structure makes it the Lie triple 
system at e of G seen as a symmetric space. More generally, if a is an involution 
on g and if g = m © f) is the corresponding decomposition into ( — 1) and (+1)- 
cigcnspaces of a, then the bracket (1) on g restricts to m as a Lie triple system, and 
any Lie triple system is of that kind. The Lie triple system at the base point eH 
of a symmetric space G/H coming from a triple (G, H, a) is given by the bracket 
(1) on the (— l)-eigenspace m of the involution da e on Lie(G). 

Just as any connected symmetric space can be realized as a homogeneous sym- 
metric space, any Lie triple system can be realized as the (— l)-eigenspace of a Lie 
algebra involution. The minimal such realization is called the standard embedding 
and is defined (as a vector space) by g = m © [m, m] where [m, m] denotes the span 
of the operators Lx.y = [X,Y,-] for all X, Y G m. Conditions (Ltsl) (Lts3) show 
that the following equations define a Lie bracket on g: 



for all X, Y, Z,U,V £ m. The involution o~ on g is — Id m ffi Idr m rlt i and one sees that 
(g, a) is the infinitesimal data at the identity of the tranvection group. 

On any symmetric space, there is a unique affine connection for which all the 
symmetries are affine transformations. This connection is complete, torsion-free, 
and its curvature is parallel. The curvature R at a point £ on a symmetric space 
is related to its Lie triple system at that point by R(X,Y)Z = —[X,Y,Z]. The 
exponential map at x is denoted Exp x : T X M — > M. On a symmetric space G/H 
with Lie triple system mCgat eH, the set exp m C G is an open submanifold of 
P, so that exp m C G a c P are open inclusions. 

On a symmetric space with a fixed base point o, there is a product _L defined 
by x _L y = s x s y. If AI = G/H, one proves that s Exp x_s Q = expX e G for all 

X G m, so that the product satisfies Exp Q ^ _L y — cxp(X)y. 

A point z is said to be a midpoint of x and y if s z x = y. Our first main result 
relates the uniqueness of midpoints to the exponentiality of a symmetric space. 

Theorem 1.1. Let M be a connected symmetric space and (G,H,o~) be any sym- 
metric triple realizing it. Denote [•,-,•] its Lie triple system at some base point 
o, and m the (—l)-eigenspace of a in Lie(G). Then the following conditions are 
equivalent: 

(1) any two points in M have at most one midpoint; 

(2) the exponential map at o is injective; 

(3) the exponential map at o is a global diffeomorphism; 

(4) M is simply connected and no operator Y \— > [Y,X,X], for X £ T a M , has 
strictly negative eigenvalues; 

(5) M is simply connected and no operator adX, for X £ tn, has purely imag- 
inary eigenvalues. 

In particular, if every two points have at most one midpoint, then the space 
is exponential so that they actually have exactly one midpoint, and the map 7 : 
M x M — > M sending two points to their unique midpoint is smooth. 



[X,Y] 
[Lx,y, Z] 
[Lx,y, Lu,v] 



Lx,y, 
Lx.yZ, 

Ll x ,yU,V + Lu,L XiY V} 
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By considering the symmetric space M = (G x G)/G associated to a connected 
Lie group G, in which case [X, Y, Z] = [[X, Y] , Z] for all X, Y, Z E Lie(G) , we recover 
the Dixmier-Saito theorem about the exponential map of solvable Lie groups. 

A symmetric space satisfying any of the conditions of Theorem 1.1 is said to be 
exponential. 

Examples (Ex5) and (Ex6) represent the two isomorphism classes of non-flat 
solvable two-dimensional symmetric spaces, and are realized by (G, a) where G is 
respectively SO(l, 1) k R 2 and the universal cover of SO (2) k R 2 , and a is the lift 
to G of the Lie algebra automorphism — Id X<T2, with 02(2;, y) = (y, x). It is easily 
seen that the first is exponential while the second is not. 

Theorem 1.2. If M is an exponential symmetric space, G is its transvection group 
and a the conjugation by s for some o E M, then G a is connected, M is realized 
by (G,G a ,a), and 

(1) M is semisimple if and only if it is a Riemannian symmetric space of the 
noncompact type, 

(2) M is solvable if and only if G is an exponential Lie group, 

(3) M is a semi-direct product Mi K M2 with Mi and M2 respectively of the 
type (1) and (2), and the map miXm 2 4 M : (X, Y) i-> Exp Q =j _L Exp Q Y 
is a diffeomorphism. 

In the solvable case, we can further characterize exponcntiality in terms of (Ex6). 

Theorem 1.3. Let M be a solvable, connected and simply connected symmetric 
space. The conditions of Theorem 1.1 are further equivalent to 

(6) no factor space of M has a subspace isomorphic to (Ex6). 

We now turn to our last theorem. In an exponential symmetric space, a triple 
of points {x, y, z) is called a triangle, since any two points are joined by a unique 
geodesic. A double triangle of (x, y, z) is a triangle (a, 6, c) whose midpoints of the 
edges are x, y, z. More precisely, s x c = a, s y a = b and s z b = c, so that s z s y a = s x a. 

Theorem 1.4. Let M be an exponential symmetric space with transvection group 
G. Then every triangle has a unique double triangle if and only if M is solvable. 
In that case, for any g E G and any z E M , there exists a unique x E M such that 
g-x = s z x. 

Since any element of the transvection group is a product of an even number of 
symmetries, the second statement is actually a generalization of the first statement 
from triangles to n-gons, with odd n. This is to be related to the fact that in 
the affine space R n , any vector v (representing a translation, and thus a general 
transvection) can be "placed by its midpoint" anywhere: given a point z, the 
translation of x = z — \v by v is the same as the image of x by the symmetry at z. 
This is not always possible in the hyperbolic plane for example, where if g is too 
large, there are points at which g cannot be "placed by its midpoint." 

This idea and the notion of double triangle appear in the study of generating 
functions for canonical tranformations on symplectic symmetric spaces [20, 13, 19]. 

The paper is organized as follows. In Section 2, we prove Theorems 1.1, 1.2 and 
1.3, and in Section 3, we prove Theorem 1.4. 
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2. Midpoints and exponential spaces 

In this section, M will always denote a connected symmetric space, o S M a 
fixed base point, and m the Lie triple system of M at o. For a symmetric triple 
(G, H, a) realizing M, we will denote g the Lie algebra of G, and g = f) © m its 
decomposition into (±l)-eigenspaces for a, identifying the (— l)-eigenspace with 
the Lie triple system. A symmetric pair (G, a) (resp. a symmetric triple (G, H, a)) 
realizing M will be called a transvection pair (resp. a transvection triple) if G is 
the transvection group of M, and a is the conjugation by s . 

Definition 2.1. A point z G M is said to be a midpoint for x,y S M if s z x = y, 

and is said to be a square root of x if z is a midpoint for x and o. 

In order to motivate the definition of local exponentiality, let us recall Helgason's 
formula and the well-known fact that it implies. 

Proposition 2.2 (Helgason's formula [7, Theorem 4.1]). Let (G,H,a) be a sym- 
metric triple, and for g 6 G denote r(g) the map hH M> ghH from G/H onto itself. 
The differential of the exponential map Exp Q from m to G/H is given by 

d(Exp ) x = d(T(expX)) eH o !l?B_JL_j[ . 

Lemma 2.3. Let (G, H, a) be a symmetric triple realizing M . Then Exp D is a local 
dijfeomorphism at X £ m if and only if the set of eigenvalues of &dX only meets 
inZ at 0. 

Proof. By Proposition 2.2, Exp Q is a local diffeomorphism at X £ m if and only if 
( ""adx^ ) 0> a condition which is equivalent to det ( sm ^ A ) ^ for every 
eigenvalue A of adX, which in turn amounts to the statement. □ 

Lemma 2.4. Let (G, H, a) be a symmetric triple realizing M , and let X 6 m. 
Then a complex number A is an eigenvalue of ad X if and only if its square is an 
eigenvalue of Y € m ^ [Y, X, X] . 

Proof. Seeing m as a subset of g, we have [-,X,X] = [[-,X],X] = (adX) 2 | m . 
Denote m = dimm and h = dim f). Choosing a basis of g = m © f), we may write 
adAT = 

bo) wriere A and B are m x h and h x m matrices respectively, and we 
have (&dX) 2 = ( A B g A ). By Sylvester's determinant formula, we get det(AB — 
\I m ) = (-\) m ~ h det(BA - XI k ), thus the eigenvalues of AB = (adX) 2 | m and 
BA = (adX) 2 |f, are identical, up to \m — h\ zeros, which yields the conclusion. □ 

Definition 2.5. The symmetric space M is said to be locally exponential if no 
operator m — > m : Y \-> [Y, X,X], X em, has strictly negative eigenvalues, and ex- 
ponential if the exponential map Exp Q : T M —tMatoisa global diffeomorphism. 

By translation, in an exponential symmetric space, every exponential map Exp^, , 
x G M , is a diffeomorphism. Also, it is clear that a symmetric space is exponential 
if and only if any symmetric triple (G, H, a) realizing it is exponential in the sense 
that the map cxp : m — > G/H is a global diffeomorphism. 

Lemma 2.6. If every two points have at most one midpoint, then the exponential 
map Exp G is infective. 
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Proof. Assume T M are such that Exp D X = Exp Q Y. Then, Exp D ^ and 

Exp G y are both square roots of Exp D X , so that they coincide by assumption. By 
induction, we obtain Exp Q — = Exp D ^ for all positive integers n. Since Exp Q is 
injective around 0, we have X = Y. □ 

Recall that the automorphisms of a symmetric space are the afhne automor- 
phisms of its canonical affine structure. In particular, the exponential map at some 
point o is equivariant under the actions of the subgroup of automorphisms fixing o. 

Lemma 2.7. If the exponential map Exp D is injective, then it is an immersion, 
and M is diffeomorphic to a Euclidean space. In particular, M is simply connected 
and locally exponential. 

Proof. Assume that X G T a M and ^ Y G T X (T M) = T a M arc such that 
d(Exp a )x (Y) = 0. It will be sufficient to show that the orbit of X under the isotropy 
group at o contains a non-trivial onc-dimensional submanifold. But {e tad [ X ' y l • X \ 
t G R} is such a submanifold, since if {[X, Y], X] = Owe would have sln ^ a ^ x - ) Y = Y, 
and d(Exp ) x (Y) ^ by Helgason's formula. 

For the second assertion, in [8, Theorem 1] and [9, Ch. IV, Theorem 3.5], it 
is shown that any connected symmetric space G/H is smoothly fibered over a 
(connected) compact Riemannian symmetric subspace N = K/(KC\H) with fibers 
diffeomorphic to a Euclidean space. But no non-discrete compact symmetric space 
has injective exponential maps, so N must be reduced to a point. 

The last assertion follows now from the first two assertions and from Lemma 2.3. 

□ 

Lemma 2.8. Let M be exponential. Then every two points have a unique midpoint. 

Proof. Let x, y G M, and c : R — > M be the geodesic c(i) = F,xp x (t Exp~ 1 (y)). It is 
easily checked that z = c(l/2) is a midpoint for x and y, and that it is unique. □ 

To prove that simple connectedness and local exponcntiality together imply ex- 
poncntiality, we first address the solvable and semisimplc cases. 

Lemma 2.9. Let M be simply connected, and (G,H,a) be a transvection triple 
realizing it. Denote G the universal cover of G, and a : G — > G the lift of a to G. 
Then M = Gj (G" T )o — G/& and & is connected. 

Proof. We know that (G CT )o C H C G a . But since G is connected and M is simply 
connected, H must be connected, which yields M = G/(G" T )o- 

Denote 7r : G —> G the covering map. Recall that the fixed point subgroup of 
an involution of a simply connected Lie group is always connected [9, IV, Theorem 
3.4], so G 5 is connected. On the other hand, we have M = G/tt^H). But (G 5 ) 
is an open subgroup of t:^ 1 (H) and, by the same argument as in the foregoing 
paragraph, 7r _1 (iJ) is connected. Hence tt~ 1 (H) = h (G' t )q — G" 7 . □ 

Proposition 2.10 ([1, Proposition 2.1]). Let (G,a) be a symmetric pair, with G 
exponential. Then, 

(1) the exponential map is a diffeomorphism from Q a onto G a ; 

(2) the exponential map is a diffeomorphism from m onto P; 

(3) the multiplication m is a diffeomorphism from P x G" onto G. 
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Proposition 2.11 ([9, Corollary, p. 171]). Let M be a simply connected symmetric 
space with transvection group G, and let G be its universal cover. Then G = 
G/Z{GY where Z{G) a = {z e Z{G) \ a(g) = g}. 

Proposition 2.12. Let M be solvable. If M is connected, simply connected, and 
locally exponential, then M and its transvection group G are exponential. 

Proof. With the notation of Lemma 2.9, we have M = G/G a . Since g is solvable 
and is the transvection Lie algebra, we see that t = [m, m] is contained in the 
nilradical of g so that for all X 6 J, ad X only has null eigenvalues. By Lie's 
theorem, the complexification of g may be represented by upper triangular matrices, 
and the representatives of f must then be strictly upper triangular. This shows that 
the eigenvalues of an element X = X t + X m G g are equal to those of X m e m, 
which cannot be purely imaginary. Hence G is exponential by the Dixmicr-Saito 
Theorem, and consequently G/G a is exponential by Proposition 2.10. 

We now show that G = G. By Proposition 2.11, all we need to see is that 
Z{G) (~1 G a is reduced to a point. Let z 6 Z(G) n G a . Since G is exponential, there 
exists a unique Z 6 g such that z = e z . Since z is in the center of G, we have 
e z = ge z g~ 1 = e Adg z , so that by exponentiality, Z = Ad g Z for all g <E G, and Z 
is in the center of g. But z is also in G" 7 , so that Z6t. Since g is the transvection 
algebra, the action of t on p is effective, and the only central element in t is 0. 
Hence z — e. □ 

Proposition 2.13. Let M be semisimple. If M is connected, simply connected and 
locally exponential, then it is a Riemannian symmetric space of the noncompact type. 
In particular, it is exponential. 

Proof. Let (G, H, a) be the transvection triple realizing M where, by hypothesis, 
G is semisimple. Let 9 be a Cartan involution commuting with a ([2], [9, p. 153, 
Theorem 2.1]), and B be the Killing form of g. We have the decompositions in 
eigenspaces 

= f) ffi m for a 
= $ © p for 9 
= f) { © f) p ffim t ffim p , 

where the spaces of the last line are the obvious intersections of those of the first two 
lines. Now if ^ Z £ rri{, then Z is in t so ad Z is a skewsymmetric matrix for the 
scalar product Bg(X, Y) = —B(X, 9Y). Since the adjoint representation is faithful, 
ad Z has non-zero purely imaginary eigenvalues, contradicting local exponentiality. 
Hence mt = {0}. But then () = [m, m] = [m p ,m p ] = f){, so that f) p = 0. We have 
thus shown that a = 9. 

Since a is a Cartan involution on G and G is connected, the global polar decom- 
position for Riemannian symmetric spaces of the noncompact type [7, Chapter VI, 
Theorem 1.1] implies that M is exponential. □ 

Using these two special cases, we may now prove the general result by induction 
on the dimension of the radical. The argument is inspired from [15]. 

Theorem 2.14. If M is simply connected and locally exponential, then it is expo- 
nential. Moreover, it is a semidirect product Mi K M2 of a semisimple and a solvable 
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exponential subspaces, and the map mi X Tti2 — > M : (X, Y) i-> Exp Q — _L Exp Q Y is 
a diffeomorphism. 

Proof. Let G be the universal cover of the transvection group of M, so that M = 
G/G a , and let R be the radical of G. If R is O-dimensional, the theorem reduces 
to Proposition 2.13, so let us assume the contrary. 

Since G is simply connected, there exists a global Levi decomposition G = S k R 
— with S semisimple and R the non-trivial radical, both simply connected — which 
is compatible with a in the sense that the latter stabilizes both S and R. 

Let N be a minimal er-invariant normal subgroup of G. It is contained in R, and 
is connected since otherwise its connected component containing e would be pre- 
served by a and, G being connected, by conjugation by G. Similarly, N is Abelian, 
since otherwise the commutant would be a smaller connected cr-invariant normal 
subgroup. And since it is a connected subgroup of a simply connected solvable Lie 
group, N is also closed and simply connected [10]. Moreover, as the fixed point 
subgroup of an involution of a simply connected Lie group, N a is connected, so 
that N/N a is simply connected. 

Let G = G/N, let ir : G — > G be the natural projection, a the induced involution 
and 7r' : G/G a — > GjG a the natural morphism. Since G/G CT is connected and sim- 
ply connected, and N/N a is connected, G/G a is connected and simply connected. 
Moreover, the eigenvalues of adm arc to be found amongst those of adm, so that 
G/G a is locally exponential and, by the inductive assumption, is exponential. 

Let x G G/G a . Then there exists a unique X G m such that Exp eGlJ X = tt'(x). 
Denote F C G the complete preimage through ir of {exptX | t G R}. It is a cr- 
invariant subgroup isomorphic to exp (X')kN for some X' G m such that ir*X' = X. 
Since N/N a is connected and simply connected, F/F a = F/N a also is, and thus 
the latter inherits local exponentiality from G/G" . Since F is solvable, F/F a is 
then exponential by Proposition 2.12 so that, denoting f the Lie algebra of F, there 
exists a unique X" £ f n m such that Exp eG ,r X" = x. 

We thus have a bijection Exp eG „ between m and G/G" 7 , and the local exponen- 
tiality of M shows that it is everywhere a local diffeomorphism, hence a global 
diffeomorphism. 

We now turn to the second assertion. Consider the natural map p : G/G a — > 
{G/R)/{G/RY S/S a , and denote Mi = 5/S" 7 and M 2 = RjR a . An element of 
Mi may be uniquely written as Exp Q X = cxp(X)S' T for some X G ttli- The com- 
plete inverse image of Exp Q X by p is {cxp(A). rG a \ r G R} = {exp(A). exp(F)G CT | 
Y G m 2 } = {Ex Po (f ) 1 Ex Po (V) | Y G m 2 }, and the map (X, Y) >-> Ex Po (f ) _L 
Exp (K) is clearly a diffeomorphism. □ 

Proposition 2.15. Lei M 6e diffeomorphic to K n . If(G,a) is a transvection pair, 
then G a is connected. Moreover, every connected symmetric subspace is diffeomor- 
phic to W 1 . 

Proof. Assume G a is not connected. Since the fixed points subgroup of an involu- 
tion of a connected Lie group always has a finite number of connected components 
[9, Chapter IV, Theorem 3.4], G/G a is then at the same time a symmetric space, 
and thus a manifold, and a quotient of M™ by the (effective) action of the finite 
group G cr /(G cr )o, hence an orbifold, a contradiction. For the second assertion, by 
[8, Theorem 1], the maximal compact subspace of M is trivial, hence any subspace 
of M has the same property, and the same theorem yields the conclusion. □ 
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We can now assemble the above results to prove Theorems 1.1 and 1.2. 

Proof of Theorem 1.1. The assertion (1)=>(2) follows from Lemma 2.6, (2)=>(4) 
follows from Lemma 2.7, (4)^(5) is proved in Lemma 2.4, (4)=>(3) is Theorem 2.14, 
and finally (3)=>(1) follows from Lemma 2.8. □ 

Proof of Theorem 1.2. If M is exponential, (1) follows from Proposition 2.13, (2) 
follows from Proposition 2.12, and (3) follows from Theorem 2.14. □ 

Example 2.16. The (canonical structure on the) tangent bundle of a locally ex- 
ponential Lie triple system m, defined by Tm := m © m with 

[(x,u), (y,v), (z,w)} = ([x,y,z], [u,y,z] + [x,v,z] + [x,y,w]), 

is also locally exponential. Indeed, any operator [(•,•), (y, v), (y, v)] has the form 

([■ v t/i+^'y v] [•*»])' anc ^ ^ us ^ as ^ ae same eigenvalues as [■, y, y\. This proves that 
the tangent bundle of a Ricmannian symmetric space of the noncompact type is a 
non-semisimple, non-solvable, exponential symmetric space. <3 



Example 2.17. A midpoint map is a smooth map 7 : M X M — > M such that 
s -y(x,y) x = V f° r au x i V £ M. There exist many finite symmetric spaces with 
midpoint map (those spaces were called finite symsets and studied by Nobusawa 
and his collaborators [11]), the simplest non-trivial example being the space M — 
{xi, X2, X3} where the symmetry at a point interchanges the remaining two points, 
and the midpoint of two points yields the remaining point. However, none of these 
finite spaces (apart from the 1-point space) embeds in any connected symmetric 
space with midpoint map. Indeed, assume we have such an embedding and fix two 
points o, .To <E M. Then the set {x n } n defined by x n = 7(0, x n -x) is finite. But 
one sees that it lies entirely on one single geodesic, so that the successive midpoints 
with o should actually converge to o, contradicting the assumption. <3 

Example 2.18. In [3], in order to build non-formal deformation quantizations, a 
class of symmetric spaces is introduced as the first step of a potential inductive con- 
struction of all solvable symplcctic symmetric spaces. These (connected and simply 
connected) elementary solvable symplectic spaces are realized by triples (G, iJ, a) 
where the Lie algebra of G is a semi-direct product g = a K b of two abelian Lie sub- 
algebras stabilized by a, such that there exists £ <G g* such that the 2-coboundary 
il : g x g — > K defined by fl(X,Y) = — (£, [X, Y}) restricts as a non-degenerate 
two-form on the (— l)-eigenspace m of a in g. This implies that b = [©{ with [ C m, 
and that a and [ are two lag rangians in involution for ^2|mxm- 

It is proved that such a space admits a midpoint map if and only if the twisting 
map <fi : o — > a, defined by fl(<p(A),L) = (£, sinh(adA)L) for all A £ a and L G I, 
is a global diffeomorphism. It is easily seen that, if <f> is a diffeomorphism then, for 
all A £ a, cosh(ad^4) : I — > I is invertible so that, a being abelian, (adA) 2 | m has no 
negative eigenvalues. Theorem 1.1 implies that the converse is also true, giving a 
simple characterization of the spaces for which the constructions in [3] apply. < 

Corollary 2.19. Let M be exponential. Then 

(1) a symmetric subspace N is exponential if and only if midpoints of points in 
N are in N , if and only if N is connected; 

(2) the intersection of any two exponential symmetric subspaces is empty or 
exponential; 
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(3) the quotient M/N by a closed normal symmetric subspace is exponential if 
and only if N is exponential. 

Proof. (1) If iV is exponential, then it obviously satisfies the other two asser- 
tions. 

Assume that midpoints of points in N arc in N. Let x,y G N. There is a 
unique geodesic c : [0, 1] — > M joining x and y in M. By taking recursively 
the midpoints of x and y and of their successive midpoints, we obtain that 
the dyadic geodesic c({^- | m G N, < n < 2 m }) is in N, and by density, 
that the whole geodesic c([0, 1]) is in N. Hence, N is exponential. 

Assume now that it is connected. Then it is simply connected by Propo- 
sition 2.15, and it is locally exponential since M is. Hence it is exponential 
by Theorem 1.1. 

(2) Assume the intersection N = N\ fl N 2 is not empty. Then any two points 
in N are joined by a unique geodesic in M which, by assumption, lies in 
both Ni and N 2 . 

(3) Every eigenvalue of y \-> [y, x, x] for x G m/n is also an eigenvalue of 
Y t-> [Y, X, X] for some X G m, so M/N is locally exponential. On the 
other hand, it is clear that M/N is simply connected if and only if N is 
connected. □ 

We conclude this section by giving a characterization of the exponentiality of 
solvable symmetric spaces in terms of (Ex6). To this end, we first adapt the notions 
of Jordan-Holder series and roots to modules of (solvable) Lie triple systems. 

If m is a Lie triple system, a m-module is a vector space V together with a 
structure of Lie triple system onm®y such that m is a subsystem and V is an 
abclian ideal (an ideal is abelian if the triple bracket is zero whenever two of its 
arguments are in that ideal). A m-module is simple if it has no non-trivial ideal. 

Let m be a solvable Lie triple system over C. Then any simple m-module over 
C is of dimension 1. Indeed, let V be such a module and let g = m + [m, m] (resp. 
q v = (m + V) + [m + V, m + V] = g + (V + [m, V])) be the standard embedding of 
m (resp. of m + V). Let f) be a minimal ideal of gv contained in the abelian ideal 
V + [m, V] . It is of dimension 1. And f) + af) = V+ [m, V] since f) + at) CV+[m,V] 
by cr-invariance and \) + at) D V + [m, V] since otherwise (m + V) H (f) + at)) would 
be a proper submodule of V. So either f) = at) or f) H at) = {0}. In both cases, 
dimV = 1. 

Let m be a solvable Lie triple system over R. Then any simple m-module over R 
is of dimension 1 or 2. Indeed, let V, 0, gv an d t) be as in the foregoing paragraph. 
Then t) is of dimension 1 or 2, and either t) = at) or t) f~l at) = {0}, which yields the 
following four possibilities: 

(51) t) = at) and dim t) = 1: dim V = 1 and V is central in m + V, 

(52) t) — at) and dimf) = 2: dimV = 1 and for all X G m, [-,X, X]\ v has real 
non-positive eigenvalue, 

(53) t)Dat) = {0} and dimf) = 1: dimV = 1 and for all X G m, [•, X, X]\ v has real 
non-negative eigenvalue, 

(54) f) n at) = {0} and dimd = 2: dim V = 2 and for all X G m, [;X,X]\ V has 
zero or non-real eigenvalues. 

In the last three cases, there exists at least a generator X G m such that [•, X, X]\y 
has non-zero eigenvalues. 
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A Jordan-Holder series for a m-module is a decreasing sequence m = mo D mi D 
• • • D m p = {0} of ideals of m such that each quotient rrifc/rrifc+i is simple. Every 
module for a solvable Lie triple system m has a Jordan-Holder scries. Indeed, let 
V be a m-module and let n be its dimension. Since m is solvable, m + V also 
is, and so is its standard embedding Qy Let t) be a minimal cr-invariant ideal of 
Qv contained in V + [m, V]. Then W = (m + V) n \) is a simple ideal of m + V 
contained in V, i.e., a simple submodulc of V. Assume by induction that any m- 
module of dimension not greater than n — 1 has a Jordan-Holder series, and let 
Vq = V D V{ D ■ • ■ D = {0} be such a series for V = V/W. If tt : V V/ W 
denotes the canonical projection, then setting Vfc = n (V£) for fc = 0, . . . ,n — 2, 
and V n -i = W, V„ = {0} defines a Jordan-Holder series for V. 

The Jordan-Holder theorem holds for m-modules since they can be viewed as 
groups with operators [4, pp. 30-31, 41] (V, m x m) with V seen as an abclian 
group, the action being (m x m) x V — » V : {{X, Y), v) M> [u, X, Y]. 

Notice that any Lie triple system is a module over itself as in Example 2.16. 
Let now m be a Lie triple system over R, let mc be its complexification and let 
mc = mp D mi D ■ ■ ■ D m n = {0} be a Jordan- Holder series for mc- Each 
quotient mfc/mfe+i is of dimension 1 so that X H> [•, X, X] restricted to that quotient 
defines a quadratic form (jik : mc — > C. Up to the order, the quadratic forms 
k = 0, . . . , n— 1 do not depend on the Jordan-Holder series, and are called the roots 
of mc- Their restrictions to m define the roots of m. 

Proof of Theorem 1.3. If a factor space of M has a subspacc isomorphic to (Ex6) 
then, by Corollary 2.19, M is not exponential. 

Conversely, assume that M is not exponential. Then there exists a root 4>k of 
m corresponding to a simple quotient of the kind (S2) above. Let lerabe such 
that 4>k{X) = — 1) let Y € rrifc \ntfc+i, and let X,Y be their respective images in 
m/mfe + i. Then, in m/mfe + i, we have [Y,X, X] = —Y, and moreover [Y,X, Y] = 
since mfc/rrifc + i + [m, mfe/mfe + i] is abelian. Hence X and Y span a Lie triple system 
isomorphic to that of (Ex6), which by Proposition 2.15 implies the result. □ 

3. Double triangles and solvable spaces 

In this section, M will denote an exponential symmetric space with base point 
o, and ):MxM-)M its midpoint map: the smooth map sending two points to 
their unique midpoint. 

Definition 3.1 ([12]). The map 73 : M x M x M -> M x M x M is defined by 

l3{x,y,z) = (7(2, 2), 7(3;, y), 7(2/, z)) 

for all x,y,z 6 M . A triple (a, &, c) such that 73(0, 6, c) = (x, y, z) is called a double 
triangle of (x, y, z). 

Example 3.2. It was shown in [18, 14, 13] that there exist triangles (x, y, z) in the 
hyperbolic plane that have no double triangle, so that 73 is not a diffcomorphism. 
If a given triangle has a double triangle, however, the latter is unique. Seeing the 
hyperbolic plane as the X3 > sheet of the two-sheeted hyperboloid (X3) 2 — (xi) 2 — 
(X2) 2 = 1 in M 3 , the condition for the existence of a double triangle of a triangle 
(x,y, z) is that dct(xyz) 2 < 1, where xyz denotes the 3x3 matrix whose columns 
are the vectors x, y and z. < 
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Theorem 3.3. If M is solvable, then 73 is a diffeomorphism. Moreover, for any 
odd natural number n, every n-gon has a unique double in the sense that the obvious 
generalization 7„ : M™ — ¥ M n is a diffeomorphism. 

Proof. Let (G, a) be a transvection pair, so that M = G/G a and G is exponential. 
We will prove the result by induction on the dimension of G. 

If G is 1-dimcnsional, it is isomorphic to R with the usual symmetries s x y = 
2x — y. Hence, #3(2;, y, z) = (y — z + x,z — x + y,x — y + z) is a smooth inverse of 

73- 

Assume now that the dimension of G is greater than 1, and let N be a minimal 
er-invariant normal subgroup of G. As in the proof of Theorem 2.14, we can see 
that N is a closed abelian connected and simply connected normal subgroup, and 
by Proposition 2.15, N/N a is also simply connected. 

Denote G = G/N. Since G/G a is contractible, the canonical morphism ir : 
G/G a — > G/G a (which is a fibre bundle) admits a smooth global section s [17, pp. 
25, 55-56]. Moreover, since G/G a is exponential, there is a smooth global section 
t of the canonical projection p : G — > G/G a with values in G a = {ga(g)^ 1 | g G 
G} C G (it is given by £(Ex Po X) = Q(Ex Po f )). 

To summarize, we have the following commutative diagram, where the arrows on 
the two upper lines are group morphisms, and those on the lower line are symmetric 
space morphisms: 

N a G a G a /N a 



N ^ G G/N 







p 


; t 




' ■' s 



N/N a *- G/G a G/G a 

Thus the composition t o s gives a map G/G a — > G, and for each x S G/G a the 
set {t(s(x)).n I 71 6 N} is mapped through p onto the fiber ■k^ 1 {x). 

Moreover, since N is abelian connected and simply connected, it is exponential 
so that by Proposition 2.10 there exists a smooth section r of N — > N/N a with 
values in the Lie subgroup N' = {n 6 N a(n) = n^ 1 } of N. 

With the help of the above constructions, we may uniquely represent any element 
x G G/G a as 

(2) x = gnG a where g = t(s(n(x))) and n = r(g^ 1 x) 6 N'. 

Let now xi, X2,X3 £ G/G a . By the induction assumption, there exists a unique 
x G G/G a such that s 7r ( X3 )S 7r ( X2 )S 7r ( Xl )i = x, and x is a smooth function of 
(7r(xi),7r(x2),7r(x3)). We will build a unique x G G/G a depending smoothly on 
(xi,X2,X3) and such that 

(3) s X3 s X2 s xi x x. 

Assume such an element x exists. By uniqueness of x, we must have tv(x) — x so 
that we may write x — gnG a with g = t(s(x)) and n = r(g x). Writing x$ = giG a 
for some gi G G, we have 

(4) s X3 s X2 s xl (gnG 17 ) = g^ig^ 1 32)32" 1 Qi^^i 1 g)o-{n)G a = gn^G a ', 
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where g = g30'(g^ 1 g2)g^ 1 Oi^igi 1 9)- But by (2) and the definitions of g and x, 
we have gG a = gnG a for a unique n S N'. Hence there further exists a unique 
k £ G a such that g = gfik, and the right hand side in equation (4) is equal to 
gC k (n- 1 )nG' T . This will be equal to gnG a if and only if nG a = C^n" 1 )^. But 
since k £ G a and n £ N' we have Cfe(n _1 ) e AT', so that (3) becomes nCt(n) = h. 
Replacing the rt's by their log, we get (Id + Adfe) (n) = n. Now G is exponential 
so k — e x with I 6 E nilpotcnt, so that Id + Adfc is invertible and its inverse is 
polynomial in adX. We thus have a unique solution n = (Id + Adfc) 1 h which is 
smooth in (xi,X2,xs), and consequently a unique solution x = t(s{x))nG a of the 
equation s X3 s X2 s Xl x = x with the same property. Hence 73 is invertible and has a 
smooth inverse. As 73 itself is smooth, we have a diffcomorphism. 

For the second assertion of the theorem, just notice that the argument above only 
relied on the fact that there was an odd number of symmetries in equation (3). □ 

Proposition 3.4. If 73 is a diffeomorphism and if N is a connected symmetric 
subspace of M , then 73^ is a diffeomorphism N 3 — > A^ 3 . 

Proof. Since A" is connected, by Corollary 2.19 (1), 7 restricts to N as a midpoint 
map, so that 73(^3) C N 3 . Obviously, -f 3 {N 3 ) is open in N 3 . But N is closed m 
M, so 73(A^ 3 ) is closed in M 3 and thus in N 3 . □ 

Proof of Theorem 1.4. As in Lemma 2.9, let us realize M as G/G a , where G is the 
universal cover of the transvection group of M. Now there exists a global Levi 
decomposition G = S K R, with S and R stable under a, S semisimple and R the 
radical. Thus S/S' 7 is a semisimple symmetric subspace of M. 

Let us prove that for any semisimple exponential symmetric space M' , 73 is not 
surjective so that, by Proposition 3.4, S/S a must be reduced to a point and M 
must be solvable. To realize M', by Theorem 1.1 it is sufficient to consider (G,9) a 
Riemannian symmetric pair of the noncompact type. Then there exists a symmetric 
subspace of M' isomorphic to the hyperbolic plane [7, Chapter IX] for which, by 
Example 3.2, 73 is not surjective. Proposition 3.4 then implies that so is the case 
for M'. 

The converse implication of the theorem is the content of Theorem 3.3. □ 
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